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Newton's Forward Interpolation.

Let y = f (x) denote an unknown function which takes the values yo, Y1, Y2, V3, ... yn for
the equidistant values Xo, X1, Xz, X3, o Xn of the independent variable x. We want to
find a polynomial @ (x) of the n' degree to represent the unknown function. Let this
polynomial be written in the form:

D(x) = ap
+ a1 (X —Xo)
+ ax (X —Xo) (X —X1)
+ az (X —Xo) (X —X1) (X —X2)
+ a4 (X — Xo) (X —X1) (X —X2) (X —Xa)
+ a5 (X —Xo) (X —X1) (X —X2) (X —X3) (X —Xq)

+ an (X —Xg) (X —X1) (X —X2) (X —X3) (X—Xg) ....(X — Xn-1)

Note that if we could determine the coefficients ag, a;, ap, as, ... an, interms of the
given y’s, then the polynomial ®(x) is completely defined.

To do this we rely on the interpolating principle that requires that the unknown
polynomial y=f(x) and the interpolating polynomial ®(x) must have the same values at
the given tabulated values Xo, X1, X2, X3, ... Xn .

Therefore, at x=Xq both polynomials must have the value yg

Yo = f(x0) = ®(x0) = ao 0
al(xé
(Xo —X1)

+
+ a (x

+ ag (Xp~Xo) (Xo —X1) (Xo — X2)

+ ay (X %0) (X0 — X1) (X0~ X2) (X0 — Xa)
+

as (}Q/IX()) (Xo — X1) (Xo — X2) (Xo — X3) (Xo — Xa)

+ a, (Xy/x:) (Xo — X1) (Xo — X2) (Xo —X3) (X0 —Xa) ....(X0 — Xp-1)

Soa0= Yo

By the same token, at x=x; both polynomials must have the value y;,
y1 = f(X1) =D(X1) = ag
+ a1(X1 — Xo) 0
+ 8 (X1 —Xo) (%~ X1)
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+ ag (X1 — Xo) (X1 =X1) (X1 —X2)

+ a4 (X1 — Xo) (leel') (X1 —X2) (X1 —X3)

+ @ (X1~ Xo) (XV‘<1V) (X1 —X2) (X1 —X3) (X1 —Xa) ....(X1 — Xn-1)

S0y = (X)) =D(X1) = ao + a1(X1 — Xo)
=ap+ ai(X1—Xo)
= Yo+ a1(Xy —Xo)

Y1- Yo = ai(X1 — Xo)
a1= (Y1- Yo) /(X1 —Xo),

Since Ayo= (Y1- Yo) let h = (X1 —Xo),

‘.‘al_yl_yo :%

X, — X, h

At x=x, both polynomials must have the value y;.
Y2 = f(y2) =@ (X2) = a
+ a1(X2 — Xo)
+ a2 (X2 — Xo) (X2 —X1) 0
+ a3 (X2 — Xo) (X2 —X1) (X2 7{2’

Y2 = a0+ ai(X2 — Xo) + a2 (X2 — Xo) (X2 — X1)

Y2 = Yo +M(X2 = Xo) +a, (X, =X ) (X, —X;)
X, — X,
Yy = Yo+ 0 2h) v, 20N

S Y2 = Yo + (Y1~ Yo)(2) +a,(2h)(h)
a,(2h)(h) =y, = Yo = (2)(Y1 = ¥o)
a, (Zh)(h) =Y, = Yo~ 2y1 + 2yo)
a,(2h)(h) =y, -2y, +Y,

Yo—2Yi+Y, _ A%y,

2h? 2h?

La, =
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Repeating the process:

Ao o A LAY A, Y
2h? ' 7 eh®’ Y 240 ° 120n°°

or

_ _ Ay, _ AZyo _ A3y0 _ A4yo _A5y0
B Yo BERT E T BT gps ST e BT g

Substituting in the d(x) :
D(x) = Yo

A
+%(X_Xo)
A2y

2lh2 —2 (X=X, ) (X—X,)

3|h3 (X —Xg)(X =X, )(X = X,)

4,h4 (X=X ) (X=X ) (X = X, ) (X = X5)

A'Y,

i KT X)X X ) (X=X )(X = Xg) o (X=%,4)

Distributing the h:

OX)=Yo 4 Ay, <X‘h %)

AZYO (X_ Xo) (X_ Xl)
2! h h

Ae)yo (X—Xo) (X_Xl) (X_Xz)
3 h h h
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n A4YO (X=X) (X=X%) (X—=X,) (X=X5)
41 h h h h

+ AnYo (X_Xo) (X_Xl) (X_Xz) (X_Xs) (X_Xn—l)
n! h h h h h

Let u="%)

(X=%) _ (x=(x+h)) _(x=%-h)) _(X=%X;) h_
h h B h ~h h
M:u_z, X=x) _ .
h h

then u-1

Substituting:

DY A, A’Y,
D (x) =Y, +Tu +Tu(u —1)+?u(u -Du-2)+...

Or
u(u-1)

Ny + Ay, u(u —1)(u—2)+m

u
D (X) = Yo + 4, 7+ A, 3

But,

uj_ U uUu-)u-2)-3)..1  uu-2
2) 2{u-23 2Qu-2)u-3)Uu-4)..1 2

D (X) = o ay, D lazy, ] Aty +
- =Yo+| | [Wo+|, Ao +| 5 [AYo+
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Sir Isaac Newton.

English physicist and mathematician who was
born into a poor farming family. Luckily for
humanity, Newton was not a good farmer, and
was sent to Cambridge to study to become a
preacher. At Cambridge, Newton studied
mathematics, being especially strongly influenced
by Euclid, although he was also influenced by
Baconian and Cartesian philosophies. Newton
was forced to leave Cambridge when it was
closed because of the plague, and it was during
this period that he made some of his most
significant discoveries. With the reticence he was
to show later in life, Newton did not, however,
publish his results.

Newton invented a scientific method, which was truly universal in its scope.
Newton presented his methodology as a set of four rules for scientific reasoning.
These rules were stated in the Principia and proposed that (1) we are to admit no
more causes of natural things such as are both true and sufficient to explain their
appearances, (2) the same natural effects must be assigned to the same causes,
(3) qualities of bodies are to be esteemed as universal, and (4) propositions
deduced from observation of phenomena should be viewed as accurate until
other phenomena contradict them.
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